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Abstract We propose a simple scheme to implement multi-qubit quantum Grover search
with atomic ensembles by adiabatic passage. The scheme is immune to the atomic sponta-
neous emission, cavity decay and fiber decay. Furthermore, the process can be speeded up
with atomic ensemble instead of single atom, which is important in view of decoherence.
With each atomic ensemble confined in an individual cavity, our scheme is experimentally
scalable to multi-qubit cases.
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The quantum Grover search algorithm [1, 2] is an efficient algorithm to look for one item in
an unsorted database. Its efficiency has been verified experimentally in few-qubit cases in
the context of NMR [3, 4], trapped ions [5], and optics [6, 7]. Theoretically, there are also
many works contributing either to the algorithm itself [8, 9], or to its realization with various
physical systems [10–16].

The algorithm can be briefly described as follows: For items represented by the compu-
tational states X with X = 0,1, . . . , V − 1, in a quantum register with M qubits, we have
V = 2M possible states. It starts from a superposition state |�0〉 = (1/

√
V )

∑V −1
X=0 |X〉. One

search step (i.e., a query) includes two operations [17]: i) inverting the amplitude of the tar-
get item |τ 〉, i.e., implementing the conditional phase gate [18–21] Iτ = I − 2|τ 〉〈τ |, where
I is the V × V identity matrix; ii) performing a diffusion transform D, i.e., inversion about
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Fig. 1 (a) M cavities arrayed in a line are connected by M − 1 fibers. And in each of the cavities, there is an
atomic ensemble inside. (b) Interaction configuration for atoms in cavity 1. (c) Interaction configuration for
atoms in cavity n (n = 2,3, . . . ,M)

the average state |�0〉 with Dμν = 2/V for μ �= ν and Dμμ = −1 + 2/V . After O(
√

V )
queries, the amplitude of the identified target will be increased while the amplitudes of non-
target items are decreased. As a result, we can get the target item with high probability by
measurement.

Cavity QED, as one of the potential candidates for quantum computation due to its good
coherence, however, is not scalable. Because adding a new qubit to the same cavity means
that new decoherence channels can be introduced [22]. Moreover, the qubits in the same
cavity must be well separated for individual addressing. With more qubits involved, the
experimental difficulties are enhanced. One possible solution [22] to this scaling problem is
to perform distributed quantum computing, in which each qubit is confined in an individual
cavity. On the other hand, atomic ensemble qubits have attracted much attention due to their
enhanced atom-photon interaction [23–26], which can relax the demanding requirement for
strong coupling between single atom and single photon. In this paper, we present a simple
scheme to realize the multi-qubit quantum Grover search with atomic ensembles, with each
ensemble embedded in an individual cavity and the nearest-neighboring cavities connected
by optical fibers. Our scheme has the following advantages: (i) It is experimentally scalable
to many-qubit cases by confining each qubit in an individual cavity; (ii) Due to the absence
of excited atomic states and non-zero photon field states in the dark states used for evolution,
it is immune to the atomic spontaneous emission, cavity decay and fiber decay; (iii) With
atomic ensemble qubits, the effective atom-cavity coupling strength is amplified, so the
process can be speeded up, which is important in view of decoherence.

The key element in implementing the quantum Grover search is to realize the multi-qubit
conditional phase gate. Let us consider a one-dimensional fiber-coupled cavity chain with
M cavities, each of which has an atomic ensemble inside, as shown in Fig. 1 (a). We assume
that all the atoms have an identical four-level tripod-type energy structure as depicted in
Fig. 1 (b) and (c), and all the cavities have the same mode frequency. For atom j in cavity 1,
the laser pulse with Rabi frequency �j,1(t) resonantly couples level |1j,1〉 and level |ej,1〉.
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While for atoms in other cavities, the laser pulse with Rabi frequency �j,n(t) resonantly
couples level |aj,n〉 and level |ej,n〉 (n �= 1). For all the atoms, level |0j,n〉 and level |ej,n〉 are
resonantly coupled by the cavity field with coupling strength gj,n(

−→
r ), which depends on

atom j ’s position in cavity n. Under the rotating wave approximation, the Hamiltonian for
the whole system in the interaction picture is

HI =
M∑

n=1

Hn
AC +

M−1∑

m=1

Hm
CF

H 1
AC =

N∑

j=1

(�j,1(t)|ej,1〉〈1j,1| + gj,1(
−→
r )a1|ej,1〉〈0j,1|) + H.C.

Hn
AC =

N∑

j=1

(�j,n(t)|ej,n〉〈aj,n| + gj,n(
−→
r )an|ej,n〉〈0j,n|) + H.C. (n �= 1)

Hm
CF = v2m−1a

†
mbm + v2ma

†
m+1bm + H.C.

(1)

where an, am, bm are annihilation operators for the field modes in cavity n, m and in fiber
m respectively, v2m−1 (v2m) is the coupling strength between fiber m and cavity m (m +
1). In the above expression, we have assumed all the atomic ensembles have N atoms for
simplicity and used the short fiber limit to get Hm

CF [27]. The qubit states of atomic ensemble
in cavity n consist of collective ground state and collective singly excited state, i.e., |0〉n =
|01,n〉|02,n〉 · · · |0j,n〉 · · · |0N,n〉, |1〉n = 1√

N

∑N

j=1 |01,n〉|02,n〉 · · · |1j,n〉 · · · |0N,n〉.
We assume that initially all the cavity modes and fiber modes are in the vacuum states.

If qubit 1 is in the collective ground state |0〉1, the whole system would not be affected
by the Hamiltonian. If qubit 1 is in the collective singly excited state |1〉1, it is cou-
pled to states |e1,1〉, |e2,1〉, . . . , |ej,1〉, . . . , |eN,1〉 with coupling strengths �1,1(t)/

√
N ,

�2,1(t)/
√

N , . . . , �j,1(t)/
√

N , . . . , �N,1(t)/
√

N respectively. Then the cavity mode in
cavity 1 couples all these states to |0〉1|1〉c1 (|1〉c1 denotes the single-photon state in cav-
ity 1) with the coupling strengths g1,1(

−→
r ), g2,1(

−→
r ), . . . , gj,1(

−→
r ), . . . , gN,1(

−→
r ) respec-

tively. If the laser pulse is added collinearly with the cavity axis, then the pulse felt by
the atom �̃j,1(t) has approximately the same spatial mode as the cavity mode [28, 29],
i.e., �̃j,1(t) ∼ f1(t)gj,1(

−→
r ) (j = 1,2, . . . ,N ). With this condition, we can simplify these

transitions to be a three-level �-type configuration by Morris-Shore (MS) transforma-
tion [30, 31]. The effective Hamiltonian with respect to the transition from |1〉1|0〉c1 to
|0〉1|1〉c1 can be written as H 1

AC = �1|ξ1〉|0〉c1c1〈0|1〈1| + G1|ξ1〉|0〉c1c1〈1|1〈0| + H.C., where

G1 =
√∑N

j=1 g2
j,1(

−→
r ), �1 ∼ f1(t)G1/

√
N , |ξ1〉 = 1

G1

∑N

j=1 gj,1(
−→
r )|ej,1〉. The photon in

cavity 1 would be transmitted to other cavities by optical fibers. If the qubit in cav-
ity n is in state |0〉n, it would absorb the photon. Similarly, this ensemble can be ad-
dressed with the laser pulse collinearly with the cavity axis. So the MS transformation
can also be applied. The effective Hamiltonian with respect to the transition from |0〉n|1〉cn
to |a〉n|0〉cn can be written as Hn

AC = �n|ξn〉|0〉cncn〈0|n〈a| + Gn|ξn〉|0〉cncn〈1|n〈0|+H.C.,

where Gn =
√∑N

j=1 g2
j,n(

−→
r ), �n ∼ fn(t)Gn/

√
N , |ξn〉 = 1

Gn

∑N

j=1 gj,n(
−→
r )|ej,n〉, |a〉n =

1√
N

∑N

j=1 |01,n〉|02,n〉 · · · |aj,n〉 · · · |0N,n〉. For simplicity, we denote all the states in the fol-
lowing by omitting the zero states in the cavity modes and fiber modes. For clarity, we begin
with M = 3. States with qubit 1 in state |0〉1 are not affected in the process. The dark states
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with qubit 1 in state |1〉1 can be calculated as follows:

D111 ∝ G1

�1
v2v4|1〉1|1〉2|1〉3 − |0〉1|1〉2|1〉3(v2v4|1〉c1 − v1v4|1〉c2 + v1v3|1〉c3)

D110 ∝ G1

�1
v2v4|1〉1|1〉2|0〉3 − |0〉1|1〉2|0〉3(v2v4|1〉c1 − v1v4|1〉c2 + v1v3|1〉c3)

+ G3

�3
v1v3|0〉1|1〉2|a〉3

D101 ∝ G1

�1
v2v4|1〉1|0〉2|1〉3 − |0〉1|0〉2|1〉3(v2v4|1〉c1 − v1v4|1〉c2 + v1v3|1〉c3)

− G2

�2
v1v4|0〉1|a〉2|1〉3

D100 ∝ G1

�1
v2v4|1〉1|0〉2|0〉3 − |0〉1|0〉2|0〉3(v2v4|1〉c1 − v1v4|1〉c2 + v1v3|1〉c3)

− G2

�2
v1v4|0〉1|a〉2|0〉3 + G3

�3
v1v3|0〉1|0〉2|a〉3

(2)

If Gn � �n (n = 1,2,3) are satisfied, the population of single-photon cavity states |1〉cn
(n = 1,2,3) can be neglected. Then the above dark states can be reduced to

D111 ∝ G1

�1
v2v4|1〉1|1〉2|1〉3

D110 ∝ G1

�1
v2v4|1〉1|1〉2|0〉3 + G3

�3
v1v3|0〉1|1〉2|a〉3

D101 ∝ G1

�1
v2v4|1〉1|0〉2|1〉3 − G2

�2
v1v4|0〉1|a〉2|1〉3

D100 ∝ G1

�1
v2v4|1〉1|0〉2|0〉3 − G2

�2
v1v4|0〉1|a〉2|0〉3 + G3

�3
v1v3|0〉1|0〉2|a〉3

(3)

Initially, �1 	 �2,�3. By adiabatically increasing �1 and decreasing �2, �3 to satisfy
�1 � �2,�3, we have (assuming all the pulses having the same phase)

|1〉1|1〉2|1〉3 → |1〉1|1〉2|1〉3

|1〉1|1〉2|0〉3 → |0〉1|1〉2|a〉3

|1〉1|0〉2|1〉3 → −|0〉1|a〉2|1〉3

|1〉1|0〉2|0〉3 → −G2

�2
v1v4|0〉1|a〉2|0〉3 + G3

�3
v1v3|0〉1|0〉2|a〉3

(4)

Then we reverse the above process but with phases regarding �2 and �3 added by π ,
i.e., �2 → −�2, �3 → −�3, the states would become

|1〉1|1〉2|1〉3 → |1〉1|1〉2|1〉3

|0〉1|1〉2|a〉3 → −|1〉1|1〉2|0〉3 (5)

−|0〉1|a〉2|1〉3 → −|1〉1|0〉2|1〉3
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−G2

�2
v1v4|0〉1|a〉2|0〉3 + G3

�3
v1v3|0〉1|0〉2|a〉3 → −|1〉1|0〉2|0〉3

After a single-qubit phase gate σz,1 = |0〉11〈0| − |1〉11〈1| on qubit 1, and considering that
the states |0〉1|1〉2|1〉3, |0〉1|1〉2|0〉3, |0〉1|0〉2|1〉3, |0〉1|0〉2|0〉3 are not affected, we can get the
three-qubit conditional phase gate I|1〉1|1〉2|1〉3 , which is to label the target state |1〉1|1〉2|1〉3.
It is straightforward to extend the method to implement M-qubit conditional phase gate. If
Gn � �n (n = 1,2, . . . ,M) are satisfied, the dark states with qubit 1 in state |1〉1 are given
as follows:

D11...11 ∝ G1

�1

M−1∏

m=1

v2m|1〉1|1〉2 · · · |1〉M−1|1〉M

D11...10 ∝ G1

�1

M−1∏

m=1

v2m|1〉1|1〉2 · · · |1〉M−1|0〉M

+ (−1)M+1 GM

�M

M−1∏

m=1

v2m−1|0〉1|1〉2 · · · |1〉M−1|a〉M

D11...01 ∝ G1

�1

M−1∏

m=1

v2m|1〉1|1〉2 · · · |0〉M−1|1〉M

+ (−1)M GM−1

�M−1

M−2∏

m=1

v2m−1v2(M−1)|0〉1|1〉2 · · · |a〉M−1|1〉M

· · ·

D10...00 ∝ G1

�1

M−1∏

m=1

v2m|1〉1|0〉2 · · · |0〉M−1|0〉M

+
M∑

n=2

(−1)n+1 Gn

�n

n−1∏

m=1

v2m−1

M−1∏

m=n

v2m|0〉1|0〉2 · · · |a〉n · · · |0〉M−1|0〉M

(6)

Similar to the three-qubit case, the procedure includes three steps: 1) Initially, �1 	 �n

(n = 2,3, . . . ,M). By adiabatically increasing �1 and decreasing �n (n = 2,3, . . . ,M)
to satisfy �1 � �n (n = 2,3, . . . ,M), the populations of all computational states except
|1〉1|1〉2 · · · |1〉M−1|1〉M are transferred to some intermediate states; 2) Then we reverse the
adiabatic evolution in step 1 but with �n (n = 2,3, . . . ,M) changed to be −�n. In this
way, all populations in the intermediate states are transferred back to the corresponding
computational states but with a π phase added. After this step, all the computational states
with qubit 1 in state |1〉1 except |1〉1|1〉2 · · · |1〉M−1|1〉M are added by a minus sign; 3) Fi-
nally, the single-qubit phase gate σz,1 = |0〉11〈0| − |1〉11〈1| on qubit 1 adds all the compu-
tational states in expression (6) with a π phase. During the whole process, computational
states with qubit 1 in state |0〉1 could never have an evolution. So to sum it all up, we can
get an M-qubit conditional phase gate I|1〉1|1〉2···|1〉M−1|1〉M , which is to label the target state
|1〉1|1〉2 · · · |1〉M−1|1〉M .

All the other conditional phase gates in the M-qubit Grover search can be achieved by
adding NOT gates σx,n (n = 1,2, . . . ,M) on both sides of I|1〉1|1〉2···|1〉M−1|1〉M , where σx,n is
the NOT gate acting on qubit n. For instance, I|1〉1|1〉2···|1〉M−1|0〉M = σx,MI|1〉1|1〉2···|1〉M−1|1〉M σx,M ,
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I|0〉1|0〉2···|1〉M−1|1〉M = σx,2σx,1I|1〉1|1〉2···|1〉M−1|1〉M σx,1σx,2. Diffusion transform D can also be
obtained by

∏M

n=1 HnI|1〉1|1〉2···|1〉M−1|1〉M
∏M

n=1 Hn, where Hn is the Hadamard gate acting on
qubit n, transforming states as |1〉n → (1/

√
2)(|1〉n + |0〉n), |0〉n → (1/

√
2)(|1〉n − |0〉n).

So once we get the multi-qubit conditional phase gate I|1〉1|1〉2···|1〉M−1|1〉M , we can get all the
multi-qubit gates needed in the Grover search. Moreover, the single-qubit operations on
atomic ensemble qubits can be easily obtained by the Rydberg blockade effect [32].

Now, we show explicitly the process for a M-qubit Grover search. Initially, all the qubits
are in the collective singly excited states, i.e., |1〉1|1〉2 · · · |1〉M−1|1〉M . After the Hadamard
gates on all the qubits, we can get

M∏

n=1

Hn|1〉1|1〉2 · · · |1〉M−1|1〉M = (1/
√

V )

V −1∑

X=0

|X〉 = |�0〉 (7)

The search starts from the average state |�0〉, where each computational states has an equal
probability to be picked up. One search step includes two operations, Iτ and D. If the target
state is |1〉1|1〉2 · · · |1〉M−1|0〉M , one search step corresponds to the transformation

DI|1〉1|1〉2···|1〉M−1|0〉M =
M∏

n=1

HnI|1〉1|1〉2···|1〉M−1|1〉M
M∏

n=1

Hnσx,MI|1〉1|1〉2···|1〉M−1|1〉M σx,M

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 − 2/V −2/V −2/V · · · −2/V −2/V

−2/V 1 − 2/V −2/V · · · −2/V −2/V

−2/V −2/V 1 − 2/V · · · −2/V −2/V

· · · · · · · · · · · · · · · · · ·
−2/V −2/V −2/V · · · 1 − 2/V −2/V

−2/V −2/V −2/V · · · −2/V 1 − 2/V

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

×

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 · · · 0 0
0 −1 0 · · · 0 0
0 0 1 · · · 0 0

· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 1 0
0 0 0 · · · 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 − 2/V 2/V −2/V · · · −2/V −2/V

−2/V −1 + 2/V −2/V · · · −2/V −2/V

−2/V 2/V 1 − 2/V · · · −2/V −2/V

· · · · · · · · · · · · · · · · · ·
−2/V 2/V −2/V · · · 1 − 2/V −2/V

−2/V 2/V −2/V · · · −2/V 1 − 2/V

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (8)

where the above are V × V matrices, and V = 2M . After O(
√

V ) search steps, i.e., O(
√

V )
successive operations of expression (8) on average state |�0〉, the amplitude of target state
|1〉1|1〉2 · · · |1〉M−1|0〉M would be increased while the amplitudes of non-target states are
negligible. Then by measurement, we can get the target state |1〉1|1〉2 · · · |1〉M−1|0〉M with
high probability.

In summary, we have proposed a simple scheme to realize multi-qubit quantum Grover
search with atomic ensembles by adiabatic passage. It is easy to see that due to the absence
of the atomic excited states or non-zero photon field states in the dark states in expression
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(6), the adiabatic evolution along these states is immune to the atomic spontaneous emission,
cavity decay and fiber decay. In fact, expression (6) can also be applied to the single atom
case if we replace Gn with the single atom-cavity coupling strength g. Compared with the
single atom case, Gn is larger than g, so the value for �n can also be increased under the
condition of Gn � �n. Meanwhile, the adiabatic condition requires �nT � 1 [33], where
T is the pulse duration. So with increased �n, the pulse duration can be shortened, which
can reduce the probability of dissipation. In real experiments, the number of atoms in each
cavity varies from one another. This has no effect on the qubit encoding, since the qubit is
characterized by the collective ground state and the collective singly excited state, which has
no relation with the number of atoms. But the fluctuation of N could affect the value of Gn,
because Gn is related to the sum of g2

j,n(
−→
r ) of all the atoms in the cavity. However, this has

no effect on our scheme either. Because the equal Gn (n = 1,2,3, . . . ,M) is not required.
With each atomic ensemble embedded in an individual cavity, we believe our scheme is
experimentally scalable to multi-qubit cases.
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